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1. INTRODUCTION
A pairwise balanced design (PBD) of index unity, denoted by B[K, v], is a pair (X, sf),
where X is a v-set and sf is a collection of some subsets (called blocks) of X such that any
two distinct elements of X are contained in exactly one block in sf, and every block in sf
has its size in K. A Steiner system 8(2, k, v), also called a (v, k, I)-BIBD, is a B[k, v], where
we write B[k, v] in place of B[{k} , v]. Hanani [8]has proved that an 8(2, 4, v) exists iff v == I
or 4(mod 12). Any positive integer satisfying this congruence is called admissible.
If (X, sf) and (Y, !JB) are two PBDs such that X ~ Y and sf ~ 81, we say that (X, sf)
is embedded in (Y, !JB) and that (Y, fJI) contains (X, d) as a subdesign. It is well known that
the necessary condition for an S(2, k, v) to contain an S(2, k, u) as a subdesign is that
v ;;?; (k - I)u + 1. Brouwer and Lenz [4]and the present authors [11] have discussed some
sufficient conditions for the embeddings of 8(2, 4, v) . In [11] the following is proved.
THEOREM 1.1. let u, v be admissible integers and u ;;?; 85. Then any S(2 , 4, u) can be
embedded in some S(2, 4, v) ifv ;;?; 4u - 12, or ifv ;;?; 3u + 1, where u == 4(mod 12) or
u == 1, 13(mod48).
In this paper we shall show that, except for a few possible values of u, the necessary
condition v ;;?; 3u + 1 is also sufficient. Precisely, we shall prove the following theorem.
THEOREM 1.2. Let u, v be admissible integers and u > 85, u #- 133. Then an S(2, 4, u)
can be embedded in some 8(2 , 4, v) iff v ;;?; 3u + 1.
2. PRELIMINARIES
A parallel class of blocks of a PBD (X, sf) is a subset d' of d such that d' is a partition
of X. A group-divisible design denoted by GD[K, M; v] is a PBD (X, d u ~) such that X
is of size v, ~ is a parallel class of blocks (called groups here) with sizes in M, and the blocks
in d have their sizes all in K. This GD .is also denoted by GD(X, ~, sf). The group type
ofa GD(X,~,d) is the multiset {IGI: G E~} and denoted byl i2j3 k ••• ,which means that
in the multiset there are i occurrences of I, j occurrences of 2, etc .
A sub-GD of a GD[K, M; v] is a GD whose points and blocks are respectively points and
blocks of the GD[K, M ; v] and whose every group is contained in some group of the
GD[K, M; v]. An incomplete GD, or IGD, is a GD from which a sub-GD is missing. It is
not necessary for the missing subdesign really to exist.
A transversal design T(k, v) is a GD[{k }, {v}; kv] . It is well known that the existence of
a T(k , v) is equivalent to the existence of k - 2 mutually orthogonal Latin squares (MOLS)
of order v. For the existence of T(k, v), the reader is referred to [3]and [12]. A design which
is obtained by deleting all blocks of T(k, u) from T(k, v) is called an incomplete array, and
denoted by IA k _ 2 (v , u).
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In this paper the set {I, 2, ... , k} is denoted by Ii: To give a point x weight w(x) means
that the point x is replaced by the set {x} X Iw(x)'
For the other definitions not given here see Hall (7], Denes and Keedwell [6], and
Wilson [13].
Let K = {4, 5, 8, 9, 12}. From [8] we have:
LEMMA 2.1. Let u, v == 0 or I(mod 4). /f there is a B[K, v] containing a B[K, u] as a
subdesign, then there is an S(2, 4, 3v + I) containing an S(2, 4, 3u + I) as a subdesign.
COROLLARY 2.2. There exists an S(2, 4, 88) containing an S(2, 4, 25) as a subdesign.
PROOF. Add a new point to every group of a T(4, 7); we obtain a B[K, 29] containing
some blocks of size 8. Therefore the conclusion follows from Lemma 2.1.
From [4] we have:
LEMMA 2.3. Let v = 0 or I(mod4). A B[K, v] containing a block of size 4 or 5 exists
whenever v ~ 13 or 17 respectively.
COROLLARY 2.4. For u = 13 and 16, an S(2, 4, u) can be embedded in some S(2, 4, v)
iff v is admissible and v ~ 3u + I.
The next lemma is Theorem 3 in [2]. Here B[K u {u*}, v] means that the PBD contains
one block of size u, while the other blocks all have their sizes in K.
LEMMA 2.5. A B[{4, 7*}, v] exists iffv == 7 or lO(mod 12) and v # 10, 19.
To prove Theorem 1.2, we need some results on the existence of IA 3(v , 6). The next two
lemmas come from Theorems 2.3 and 2.4 in [12].
LEMMA 2.6. /f0 ~ a ~ n and there exist T(5, m), T(5, m + I) and T(6, n), then there
exists an IA 3(mn + a, a).
LEMMA 2.7. /f0 < a, b ~ n and there exist T(5, m), T(5, m + 1), T(5, m + 2), T(5, a)
and T(7, n), then there exists an IA 3(mn + a + b, b).
From Proposition 3.5 in [5] we have:
LEMMA 2.8. /f0 < a < n and there exist T(5, m), T(5, m + I) and T(5 + a, n), then
there exists an IA 3(mn + a, m + a).
Wojtas has proved the following lemma (see [3]):
LEMMA 2.9. Let 0 ~ a, b, c ~ n, a ~ band (n - a - I)(n - b) < c ~ n. /f there
exist T(5, m + I), T(5, m + 2), T(5, m + 3), T(5, a), T(5, c) and T(8, n), then there exists
an IA 3(mn + a + b + c, b).
The following example comes from [3] and [14].
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EXAMPLE 2.10 . There exist IA 4(1O, 2) and IA 3 (9, 2).
We also need the following example.
EXAMPLE 2.11. There exists an IA 3(45, 6).
PROOF. Delete one point of a T(5 , 9) to obtain a GD(X , f§, d ) with group type 94 81 and
block sizes in {4, 5}. Give weight 5 to each point. For every block B of size 5 except one
block {CI, C2, C3, C4, cs} (we suppose that Cs is contained in the group of size 8), construct
a T(5, 5) on B x Is such that one of its group is B x {I} and the blocks contain a parallel
class {{x} x Is :x E B} which is then omitted. For every block of size 4 construct a T(5, 4)
on A x Is such that one of its group is A x {l}. However , if A contains the po int c.,
I ~ i ~ 4, we let the T (5, 4) con ta in a block {c, x {l}, c, x {2}, .. . , c, x {5}} which
is then omitted. Add to every group of GD(X, f§, d ) a point 00, which is also given weight
5. For every group G of size 9 in GD(X, f§, d) construct an IA 3(lO, 2) on (G u {oo}) X 15
such that one of its group is (G u {ex)}) x {I} with the subgroup {c;, oo] x {I}, i E /4 and
there are disjoint blocks {x} x 15for x E G\{c;, co}, i E 14 which are then omitted. Finally,
for the group H of size 8 in GD(X, f§, d ), construct an IA 3(9, 2) on (H u {oo}) X 15such
that one of its group is (H u [coj) x {I} with the subgroup {c., oo} x {I}. Thus all these
new blocks form an IA 3(45, 6) which has the groups (x u {oo}) x {j} and the subgroups
{c. , C2 ' c3 , c4 , CS , oo} x {j}, where I ~ j ~ 5. Thi s completes the proof.
We are no w in a position to prove the following lemma.
LEMMA 2.12. There exist IA 3(I 2t + 6, 6) where t > I, and IA 3(l2t + 9, 6) where
t > 2.
PROOF. Case I: the existence of IA 3(l2t + 6, 6), t > l. When t i= 2, 6, 10 and 14,
there exist T(6, 3t) (see, for example, [II] and [15]). Applying Lemma 2.6 with k = 5,
m = 4, n = 3t and a = 6, we obtain an IA 3(l2t + 6, 6). When t = 2, take m = 4,
n = 7 and a = 2 in Lemma 2.8 so an IA 3(30, 6) exists. When t = 6, 10 and 14, we
can use Lemma 2.6 to obtain the required IA 3(l2t + 6, 6). The parameters are as
follows: .
12·6 + 6
12· 10 + 6
12 · 14 + 6
8' 9 + 6,
8' 15 + 6,
7' 24 + 6.
Lemma 2.9;
Lemma 2.6;
Lemma 2.6;
Lemma 2.7.
57 = 6· 7 + 5 + 6 + 4
81 = 15, 5 + 6
177=19'9+6
273 = 7 ·37 + 8 + 6
t = 6
t = 14
t = 22
Case 2: the existence of IA 3(I2t + 9,6), t > 2. When t = 2m and m i= 2,3,7,9, II ,
13, 15 and 17, there exist T(7, 3m + I) and T(5, 3m - 4) (see [3]). by virtue of Lemma 2.7,
there exists an IA 3(7 ' (3m + l) + (3m - 4) + 6, 6), i-.e. IA 3(l 2t + 9,6). By the same
reason, when t = 2m and m = 9, 13, 15 and 17, there exist T(7, 3m + 2) and T(5 ,
3m - II), so there exists an IA 3(7 . (3m + 2) + (3m - II ) + 6,6), i.e. IA 3(I2t + 9,6).
For the remaining m = 2, 3, 7, II we use the abo ve lemm as to obtain the required
IA 3(l2t + 9,6) as follows :
t = 4
When t = 2m + I and m i= 1, 3,4,6,8, II , 12, 14 and 20, there exist T(7 , 3m + 2) and
T(5,3m + I), so there exists an IA 3(7 ' (3m + 2) + (3m + I) + 6,6), i.e. IA 3(l2t + 9,6)
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by Lemma 2.7. When t = 2m + I and m = 8 or 20, there exist T(7, 3m + 3) and
T(5, 3m - 6). So there exists an IA 3(7 • (3m + 3) + (3m - 6) + 6, 6) by Lemma 2.7.
For m = I and t = 3, an IA 3(45, 6) exists from Example 2.1 I. For the remaining m = 3,
4, 6, II, 12 and 14, we can use the above lemmas to obtain IA 3(12t + 9, 6) as follows:
t = 7 93 = II . 7 + 5 + 6 + 5 Lemma 2.9;
t = 9 117 = 13' 8 + 7 + 6 Lemma 2.7;
t = 13 165 = 14· II + 5 + 6 Lemma 2.7;
t = 23 285 = 7·37 + 20 + 6 Lemma 2.7;
t = 25 309 = 7, 41 + 16 + 6 Lemma 2.7;
t = 29 357 = 7·49 + 8 + 6 Lemma 2.7.
The proof is now complete.
3. PROOF OF THEOREM 1.2
In this section we shall prove Theorem 1.2. By virtue of Theorem 1.1, we need only
consider the case v = 25 or 37(mod 48) here .
The proof of the next two theorems is a generalization of the method used in [II] .
THEOREM 3.1. let u := 25(mod 48) and u #- 25 or 73. Then any S(2, 4, u) can be
embedded in some S(2, 4, v) as a subdesign for every admissible v satisfying 3u + I ~
v ~ 3u + (3u - 71)/4.
PROOF. let u = 48t + 25 and v = 3u + d, where I ~ d ~ 36t + I and t > 1. First,
by virtue of Lemma 2.12, we may construct an IA 3( 12t + 6, 6) which has groups X;
containing a subgroup 1'; of size 6, where I ~ i ~ 5. Then delete Ys and some other points
ofX 5 such that the remaining group (we still denote it by X5 ) has size (d - 1)/3 . Add a point
IX to every X;, I ~ i ~ 5, and make use of Lemma 2.5 to construct a B[{4, 7*}, 12t + 7]
on each X; for i = 1, 2, 3, 4 such that the block of size 7 is Y; u {IX}. Take Xs u {IX} and
(Ui~, 1';) u {IX} as blocks so that we have a B[{4, 5, 25*, ((d - 1)/3 + I)*}, 48t + 25 +
(d - 1)/3].
Now give each point of the above design weight 3. For every block of size 4, say
A = {XI ' X2, X3, x4 } , construct a T(4 , 3) such that the groups are {x;} x 13 , I ~ i ~ 4 and
one of the blocks is A x {I}. For every block of size 5, say B = {XI' X 2, X 3, X4, x s}
(where x, E Xs), construct on B x 13 a GD[{4}, {3}; 15], which can be obtained by deleting
one point from an S(2 , 4, 16), such that the groups are {Xi} X 13, I ~ i ~. 5 and one of
the blocks is {XI ' X 2, X 3, x4 } X {l}. For the block of size 25, add a point 00 and construct
an S(2, 4, 76) on (((Ui= I 1';) u {IX} ) X 13) U {oo} containing a subdesign S(2 , 4, 25) on
((Ui~, 1';) U {IX}) x {I}. For the block of size (d - 1)/3 + 1, construct a S(2 , 4, d + 3)
on ((Xs U {IX}) x 13 ) U roo }. We can also make the above S(2 , 4, 76) and S(2, 4, d + 3)
have a common block ({IX } x 13 ) U fool. All these new blocks, together with the blocks
({x } x 13 ) U roo}, where XE U:=I (X; - 1';), noting that the common block ({IX} x
13 ) U {oo} will be taken only once, form the blocks of an S(2 , 4, v) which contains an
S(2, 4, u) constructed on ((U:=I X;) U {IX}) x {I} as a subdesign. And this completes the
proof.
THEOREM 3.2. Let u := 25(mod 48) and u #- 25 or 73. Then any S(2, 4, u) can be embedded
in some S(2 , 4, v) as a subdesign for every admissible v satisfying 3u + (3u - 71)/4 ~
v ~ 4u - 12.
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PROOF. Let u = 48t + 25 and v = 3u + d, where 36t + I ~ d ~ 48t + 13 and
t > 1. First construct an IA 3(12t + 6,6) which has groups X; each containing a subgroup
1'; of size 6, where I ~ i ~ 5. Then omit three points of Ys and some other points of X s
such that the remainder group has size (d - 12t - 4)/3 (still denoted by Xs) which
contains a subgroup of size 3 (still denoted by Ys too). Now give every point of the above
design weight 3. For every block of size 4 or 5, construct a T(4, 3) or GD[{4}, {3}; 15], as
in the proof of Theorem 3.1. Thus we have an IGD with blocks of size 4 and group type
(36t + 18t(d - 12t - 4)' which contains a missing sub-GD of group type 1849'.
Let 8 be a point set of order 12t + 6. To every group of size 36t + 18 X; x 13 , where
I ~ i ~ 4, add 8 and construct an IA z(I2t + 6, 6) on each (X; x 13 ) U 8 such that the
groups are 8 and X; x {j}: the sub-groups are Wand 1'; x {j}, where I ~ j ~ 3 and W
is a 6-subset of 8. Such an IA z(12t + 6,6) always exists from [9]. Thus we have a new IGD
of block size 4 and group type (I2t + 6),z(d + 2)' which contains a missing sub-GD of
group type 6,zI5' . In particular, the group of size d + 2 is 8 u (Xs X 13 ) which contains
the subgroup W u (Ys X 13 ) , Notice that a subdesign IA z(I2t + 6, 6) constructed on
Ui~, (X; x {I}) is contained in the above IGD and we shall obtain the required subdesign
8(2, 4, u) by using this fact in the next paragraph.
To the group of size d + 2, add a point 00, and by virtue of Corollary 2.4 we may
construct a B[{4, 16*},d + 3]on it such that the block of size 16 is W u {oo} u (Ys X 13 ) ,
For every group of size 12t + 6, add the 00 to it and construct a B[{4, 7*}, 12t + 7] by
using Lemma 2.5 such that the block of size 7 is (1'; x {j}) u {oo}, where I ~ i ~ 4 and
I ~ j ~ 3. Denote by fJI all the blocks of size 4 in the process of the constructions as
indicated above. Finally, use Corollary 2.2 to construct an 8(2, 4, 88) on U;~ I (1'; X 13 ) u
W U {IX} with blocks denoted by fJI', which contains a subdesign 8(2, 4, 25) on (Ui~, 1'; x
{I}) U {oo}. This yields an 8(2, 4, v) (U;~,(X; X 13 ) U {co] U 8, fJI U fJI'), which contains
an 8(2, 4, u) on (Ui~, X; x {I}) U {oo} as a subdesign, and the proof is complete.
THEOREM 3.3. Let u == 37 (mod 48) and u # 37,85 or 133. Then any 8(2, 4, u) din be
embedded in some 8(2, 4, v) as a subdesign for every admissible v satisfying 3u + I ~
v ~ 4u - 12.
PROOF. The proof is almost the same as that of the previous two theorems. We need
only use an IA 3(I2t + 9, 6) instead of an IA 3(I2t + 6, 6), so the detail is omitted. This
completes the proof.
PROOF OF THEOREM 1.2. The conclusion follows immediately from Theorems 1.1, 3.1,
3.2 and 3.3.
Added in proof It has been proved recently by R. Rees and D. R. Stinson in their paper
"On the existence of incomplete designs of block size four having one hole, Utilities Math.,
to appear." that the obvious necessary conditions for the existence of an 8(2, 4, v) contain-
ing an 8(2, 4, u) as a subdesign, i.e., v == I or 4 (mod 12), u == I or 4 (mod 12), and
v ~ 3u + I, are also sufficient.
REFERENCES
1. T. Beth, D. Jungnickel and H. Lenz, Design theory, Bibliographisches Institut, Ziirich, 1985.
2. A. Brouwer, Optimal Packings of K4 ' s into a K., J. Combin. Theory, Ser. A 26 (1979), 278-297.
3. A. Brouwer, The number of mutually orthogonal latin squares-a table up to order 10,000, Math. Centro Rep.
ZW123, Amsterdam, June 1979.
4. A. Brouwer and H. Lenz, Subspaces of linear spaces of line size 4, Europ. J. Combin., 2 (1982). 323-330.
5. A. Brouwer and G. Van Rees, More mutually orthogonal latin squares, Discr. Math., 39 (1982), 263-281.
206 R. Wei and L. Zhu
6. J. Denes and A. D. Keedwell, Latin squares and their applications, London, 1974.
7. M. Hall Jr., Combinatorial theory, Blaisdell, Waltham, Mass., 1967.
8. H. Hanani, Balanced incomplete block designs and related designs, Discr. Math., 11 (1975), 255-369.
9. K. Heinrich and L. Zhu, Existence of orthogonal Latin squares with aligned subsquares, Discr. Math., 59
(1986) 69-78.
10. D. T. Todorov, Three mutually orthogonal latin squares of order 14, Ars Combin., 20 (1985), 45-48.
II. R. Wei and L. Zhu, Embeddings of Steiner systems S(2, 4, v), in: Combinatorial design theory, Ann. Discr.
Math., 34 (1987), 465-470.
12. R. M. Wilson, Concerning the number of mutually orthogona11atin squares, Discr. Math., 9 (1974), 181-198.
13. R. M. Wilson, Construction and uses of pairwise balanced designs, Math. Centre Tracts, 55 (1974),18-41.
14. L. Zhu, Pairwise orthogonal latin squares with orthogonal small subsquares, Research Rep. CORR 83-19,
University of Waterloo, Waterloo, Canada, 1983.
15. R. Roth and M. Peters, Four pairwise orthogona11atin squares of order 24, J. Combin. Theory, Ser. A, 44
(1987), 152-155.
Received 13 September 1987
R. WEI AND L. ZHU
Department of Mathematics,
Suzhou University, Suzhou,
People's Republic of China
